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Why Decentralized Ranking Aggregation?

Classical (Centralized)
All n rankings sent to one server

Server com putes consensus

Problems:
Single point of failure
Bandwidth bottleneck: Q(nm) bits
Requires trusted coordinator

Privacy concerns

v

Decentralized (This Work)
Agents talk only to neighbors

No central coordinator

Key idea:
Random gossip: pairs exchange & average
Local updates — global consensus

O(m) bits per interaction

Can we match centralized accuracy with only local communication?
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Formal Setup

n > 2 voters, m > 1 items indexed by
[m] ={1,...,m} |
Each voter v € [n] holds o, € &,, e 2,1,8)

(1,2,3)

Connected communication graph G = (V, E) \
Asynchronous: each agent's clock ~ P(1) °

Edges activated with probability p. > 0;
distribution P = (pe)ecr

(2,3,1) (3,1,2)

’ Each node holds a local ranking (m = 3).

Goal . Pairwise gossip drives convergence
. . . . to the global consensus.
Design gossip algorithms that accurately estimate

the Borda, Copeland and Footrule consensus using
only local pairwise communication.
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Randomized Gossip Averaging

Randomized averaging (Boyd et al., 2006)

Each node v maintains estimate z,,(¢), initialized to x,,(0). At each step:

Ty (t) + o (t) .

Sample edge e = (u, V) ~ pe, Tu(t+1)=x,(t+1) = 5

All other nodes unchanged. Converges in (2 to z = 1 3 2,(0).

Lemma (Convergence Rate)

For each coordinate ¢ and t > 0:

E[IX:(t) 207 < (1-5) 1:(0) — 2147,

where ¢ > 0 is the of the weighted Laplacian L(P) =3 . peLe.

Better-connected graph < larger ¢ < faster convergence
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lllustration of the process

(1,2,3) (1.5,1.5,3) (1.5,1.5,3)

(1,3,2)

(2,1,3)

At iteration t = 0. At iteration t = 1. At iteration t = 2.
Example of the gossip averaging process over three iterations, where each node v € V starts with an

initial ranking o, and, under the Borda representation, communicates the corresponding vector in R™
associated with o,.

van Elst, Le Caillec, Colin, Clémeng¢on Decentralized Ranking Aggregation 5/22



Score-based Consensus Methods

Borda (de Borda, 1781)

Score: s =13 0,(i)

Rank items ascending by s?.

Copeland (Copeland, 1951)

Score: s{ =" [1{pi; > 3} — 1{pi; < 3}]
where ﬁij = % Zy 1{Uv(i) < 01)(.7)}

Rank descending by siC. Condorcet-consistent.
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Metric-based methods

Kemeny (Kemeny, 1959)

Uf = argmingeg,, Zv:l dr (Uv UU)

Minimizes total Kendall-7 distance.
Satisfies Condorcet criterion.

Footrule / s (Fagin et al., 2003)

Minimizes sum of dy(c,0”) = Y.~ |o(i) — o’ (i)].
Coordinate-wise median of ranks.

Local Kemenization Algorithm (Dwork et al., 2001)

Scan adjacent pairs (u,v) in current ranking
If puy < 1/2 (majority prefers v > u), swap them
Repeat until no swaps occur

Output: Locally Kemeny-optimal ranking
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Decentralized Borda Consensus

. Init: z, + 0, (own ranking vector)
cfort=1,2,...,T do

Select edge (u,v) € E w.p. pe
Ly + Ty

2
. end for

: Sort x,, ascending — 7,

1
2
3
4: Tyyy Ty
5
6
7: return 6,(T) (Borda estimate)

Each voter v € V' encodes o, as a full Borda score vector in R™
Gossip averaging yields estimates of the mean Borda scores

The consensus ranking is obtained by sorting the aggregated scores
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Decentralized Copeland Consensus

Noa b=

Init: z, + (ﬁ;’j)#j, by = 1[0, (i) < 04(J)]
fort=1,2,...,T do

Select edge (u,v); Ty, T,
end for
Sui = 22141 [ 1(@o,5) S 3) — Uo,(i.5) > 3)]
Sort s,,,. descending — &,
return 6,(7T)

Ty +Ty
2

Each voter v € [n] estimates the pairwise probability matrix (p;;)i;
Then, v computes locally Copeland scores.

Consensus ¢¢ is partial ranking: i <, o] = s < sC When s , items ¢ and j are
incomparable.
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Convergence of Algorithms

Theorem (Borda Convergence)

Assume Borda scores are distinct. For any t > 0:

= ZE +(1))] < min{Cre=*, Coe™*}

with rates c; = ¢/2, co = ¢/4, AB = min,4; |s? — sf| (min score gap), 7% = >, [15:(0) — s;1,|*:

_ 2(m—1)y" _ (m=1)ym~y”
“=Ta@Ee o T A

When scores are tied (s = s7):

Tied pairs contribute zero to d, (any ordering is consistent with partial consensus)

APB considers only non-tied pairs; if all scores equal, bound is vacuous
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Convergence of Algorithms

Theorem (Copeland Convergence)

Under weak stochastic transitivity, for any t > 0:

—ZE (0, 6,0)] < ot min{Kre=r, Koo~}

with ¢1 = ¢/2, c3 = c/4 as before, A® = min, ; [s¢ —
estimates and margins 8;; = |pi; — 3|.

K> depending on initial pairwise

Handling pairwise ties:
Ji={j #1:pi; #1/2} — only non-tied pairwise comparisons
When p;; = 1/2, pair (i, j) excluded from score calculation
Weak stochastic transitivity excludes cycles but permits ties
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Extensions: Footrule & Decentralized Kemenization

Decentralized Footrule Decentralized Local Kemenization

1 Init: 2, < 0, € R™ LoInit: @y, < (9;)izj, Dy = Low(i) < 0u(j)]
2: fort=1,2,...,7T do 2. fort=1,2,...,T do
33 Select edge (u,v) 3: Select edge (u,v); @y, Ty  Lefee
4 Perform asynchronous ADMM update on 4: end for
(%, z,) toward coordinate-wise median 5: Compute preliminary ranking &, from z,
5: end for 6: Apply local Kemenization using x,, (; ;) as
6: Ty < Ty estimates of p;;
7: Sort &, in ascending order — &, 7: return 6, (7T)
8: return 6,(7)

Note: Median estimation is computationally harder
than averaging, leading to slower convergence.

transmit O(m) or O(m?) values per interaction, matching the information-theoretic
lower bound.
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Synthetic Experiments: Mallows Model

P(0) x ¢%(090)  n =151, m =8, ¢ = 0.5, T = 2,000, N = 100 trials.
Graph types: complete, Watts—Strogatz, geometric.

MSE of Scores (Fig. 2a,b) | Kendall-7 Error (Fig. 2c) Exponential Fit

Borda & Footrule: MSE Rapid convergence for Borda, | Empirical decay matches the
< 0.5 in < 1,000 iterations Copeland, Footrule theoretical bound:
across all topologies Ordering:

' ~ —ct/2
Footrule slightly slower Complete > Watts—Strogatz MSE(t) ~ Ce™* /
(median > mean difficulty) > Geometric

. i ) o Both Borda and Copeland
Copeland pailrwise scores Consistent with connectivity confirm the O(efct/2) rate in

converge fast and stably ) hierarchy | practice.
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Synthetic Data Results

MSE of Scores vs. Iterations (Borda & Footrule)
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(a) MSE of Borda/Footrule scores

MSE of Scores vs. Iterations (Copeland)

Kendall-t Error vs. Iterations
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Figure: Convergence of consensus methods (Borda, Copeland, Footrule) on rankings sampled from a Mallows

deviation over N = 100 trials.

model (n = 151 agents, m = 8 items, ¢ = 0.5) across different graph topologies. Results show mean + standard
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Real-World Datasets

Datasets Partial Ranking Handling
Sushi: n = 5,000, m = 10, strict complete Borda: normalize ranked items, impute
rankings. average rank for unranked ones

N = 15 trials, T'= 200,000 iterations. Copeland: use weak pairwise preferences
Debian: n =504, m = 7, partial rankings. pij = 1{o(i) < o(j)} + 11{o (i) = o(4)}
N = 250 trials, T' = 50,000 iterations.

Additional topology: 2D grid.
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Dataset-based Results

MSE of Scores (log scale) vs. Iterations (Borda) MSE of Scores (log scale) vs. Iterations (Copeland) lel Kendall-t Error vs. Iterations
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Conclusion & Perspectives

Gossip algorithms for decentralized Borda, Copeland, Footrule, and Local Kemenization
Convergence guarantees: O(e~"/?) for Borda & Copeland; rate controlled by graph spectral gap ¢
Robustness analysis: Copeland and Kemeny are superior; Local Kemenization recovers Kemeny in
all tested settings

Research directions
Byzantine robustness — agents actively sending communicating wrong information.
Adaptive gossip — topology/data-aware edge sampling.
Privacy-preserving gossip — differentially private pairwise scores.

Finite-time guarantees for Footrule relaxation.

Thank you for your attention!
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Appendix: Gossip Averaging Proof Sketch

Lemma (Gossip Matrix Properties)

At each iteration, if edge (i,7) is selected w.p. p, the transition matrix is Wa(t) = I,, — L./2 where
Le = (ei—ej)(es —¢j)7.

Wo(t) is symmetric and doubly stochastic; Wy (t)? = Wa(t).
Wy =E[Wa(t)] = I, — 3 3, peLe is doubly stochastic.
Wy := Wy — 117 /n satisfies |[Wallop < A2 = 1 — ¢/2.

Proof. Let Y (¢t) = X;(t) — Z;1,,. Then:
E[lYOI? Yt -D] =Yt~ 1)TEW2()] Yt —1) < XY (t -1

Iterating and using Ao = 1 —¢/2:

E[lY ()2 < (1 - £)"[Y (0.
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Appendix: AsylADMM Algorithm

Notation:
dy: degree of node k, Nj: edges incident to node k

prox, ;() = argmin, { /() + 2 o — 2|2 |
Distributed optimization problem:

n
argmiani(xi) st. x;=z; V(i,j) € E
zeR™ T3

ADMM reformulation:

i + st. Mx=
er P, T (@) +92) v

where f(z) =320, fi(z:), 9(2) = X cptolze), C =span(lz)
Example (quantile estimation via pinball loss):

fe(z) = Lalay — ) = (o — I{ar, — x < 0}) (ar — z)
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Appendix: AsylADMM Algorithm

AsylADMM: Async & Lite ADMM

Require: Initial vectors a;, ..., a,; step size p > 0
1: Initialization:
2: for all nodes v =1,...,n do
3: Xy < Ay

4 fp <0

5. end for

6: fort =0,1,... do

7: Draw edge e = (u,v) € E with probability p
8 Compute average z, < %(xu + Xy)

9 for agents k € {u,v} do

10: fik < fire + Z-(Ze — Xk)
. pdy; P
11: T < prox'p, (ze + p’“)
12: end for

13: end for
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Robustness Under Data Contamination

Setup: n =100, m = 8, ¢ = 0.5, contamination rate ¢ = 0.3.
Table 2 — Adversarial contamination (s samples ~ Mallows(o; !, ¢))

Method  d.(-,00) ALw/olLK ALw/ LK

Borda 0.91+0.85 0.03+0.04 0.00=0.00
Copeland  0.59+0.71  0.00£0.02 0.00 £ 0.01
Footrule  1.26£0.99 0.13£0.11 0.01 £0.02
Kemeny  0.58 £0.67 0.00£0.00 0.00 £ 0.00

Key Takeaway

Kemeny ~ Copeland > Borda > Footrule in contamination robustness.

in virtually all
cases — a lightweight but highly effective post-processing step.
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Summary of Theoretical Guarantees

Main Results at a Glance

Method Rate Comm. per step Condorcet?
Borda O(e=t/?) O(m) No
Copeland O(e=t/?) O(m?) Yes
Footrule (AsylADMM rate) O(m) No
Local Kem. O(e=t/?) O(m?) Yes

What drives convergence speed?

depends on graph topology — complete > Watts—Strogatz > geometric > 2D grid

van Elst, Le Caillec, Colin, Clémeng¢on

Decentralized Ranking Aggregation

22 /22



	Motivation & Decentralized Setting
	Background and Notations on Consensus Methods
	Proposed Algorithms and Convergence Guarantees
	Numerical Experiments
	Conclusion
	Appendix

